The present study reveals observational constraints on the coupling between dark components of anisotropic Bianchi type I universe. We assume interaction between dark matter and dark energy and split the continuity equation with inclusion of interaction term Γ. Two scenarios have been considered (i) when coupling between dark components is constant and (ii) when it is a function of redshift (z). Metropolis-Hasting algorithm has been used to perform Monte Carlo Markov Chain (MCMC) analysis by using observational Hubble data obtained from cosmic chronometric (CC) technique, cosmic microwave background (CMB) baryon acoustic oscillation (BAO), Pantheon compilation of Supernovae type Ia (SNIa), their joint combination and a gaussian prior on the Hubble parameter H0. It is obtained that the combination of all databases plus H0 prior marginalized over a present dark energy density gives stringent constraints on the current value of coupling as −0.001 < δ < 0.041 in constant coupling model and −0.042 < δ < 0.053 in varying coupling model at 68% confident level. In general, for both models, we found ω X ≈ −1 and δ(δ0) ≈ 0 which indicate that still recent data favor uncoupled ΛCDM model. Our estimations show that in constant coupling model H0 = 73.9 +1.5 −0.95 which naturally solves the Hubble tension problem. In other word, in constant coupling model, we did not find any disagreement between our estimated H0 and those reported by Hubble space telescope (HST) and large scale structure (LSS) experiments. 04.20.Jb, 98.80.Es, 98.80.Cq 
I. INTRODUCTION
Type Ia supernovae (SNIa) and cosmic microwave background (CMB) observations have now confirmed that we live in an accelerated expanding universe [1] [2] [3] [4] [5] . However, we know that the universe expansion rate has already been changed from decelerating to accelerating phase at a certain redshift called transition redshift . This phase transition is due to an unknown mechanism changing the sign of the universal deceleration parameter q(z). Other words, the actual cause of this late time acceleration which acts against the gravitational force, is still unknown. To describes the kinematics and fate of current universe, one have to assume either presence of an energy source in the context of General Theory of Relativity (GR) or a modification of GR by introducing some additional terms in Ricci scalar. In the context of GR, it is revealed that the present acceleration of the universe is usually driven by some exotic type energy which is generally called as dark energy. The recent result obtained from Plank collaboration indicates that about 70 % of the total energy of the universe is in the form of dark energy [6, 7] . The search of possible candidate of dark energy is lead to the inclusion of time dependent positive cosmological constant Λ in the Einstein's field equation. But Λ embedded cosmological models suffer two main problems on theoretical grounds i.e fine tuning and cosmic coincidence problems [8, 9] . Therefore, some dynamical cosmological models like quintessence [10] , phantom [11] , chaplygin gas [12] and interacting [13] [14] [15] [16] [17] dark energy scenarios have been proposed from time to time. Keeping in mind that the dark components of universe play a major role in driving the late time acceleration of the universe, one of the motivation of present work is to study the coupling between dark components of Bianchi I (Henceforth BI) universe.
Though the standard cosmological model assumes large scale isotropy and homogeneity but in the literature, several investigations beyond the standard model exist. According to analysis of WMAP data [18] [19] [20] , we observe that the small amount of anisotropy may be possible in the universe. It is now revealed that the concept of smooth evolution of universe requires modification in terms of inclusion of anisotropy in the structure of universe that leads to the scope of Bianchi morphology [21] [22] [23] . The CMB experiment [24] and LSS observations also favor the breakdown of global and statistical isotropy. However, to handle the issue of anisotropy, Bianchi type models become natural choice of the cosmologist [25] [26] [27] [28] [29] [30] [31] . It is worth noting that the BI cosmological model is the general form of Friedman-Robertson-Walker (FRW) model, where the spatial isotropy has been relaxed. Among the several Bianchi type models, BI cosmological model has more attention due to its fundamental properties that it has more degree of freedom characterizes by lie groups and recovers isotropic as special cases and permit a small amount of anisotropy at some instant of cosmic time. This small amount of anisotropy may affect the physical behavior of the universe in early universe. The spatial section of BI space-time is flat but the expansion rates are direction dependent. In the recent past numerous anisotropic cosmological models have been constructed to study the different aspects of the accelerating universe [32] [33] [34] [35] [36] [37] [38] [39] . In 2015, Bolotin et al [49] have studied coupling between dark matter and dark energy. This study reveals that the kinematics and fate of two fluid interacting universe can differ significantly from the standard cosmological model.
In the present universe, it is obvious to consider the interaction between dark matter and dark energy due to values of relative densities of these components. In fact, this scenario leads to a solution to the coincidence problem [40, 41] and also provide a natural way to detect dark energy. It is worth mentioning that some observations [42-46, 48, 54] have already supported the possibility of such an interaction. Moreover, recent studies show that such an interacting scenario results in alleviating the two known tensions of modern cosmology i.e H 0 [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] and σ 8 [60, 61, 77] . Wetterich [62] have investigated a scalar field cosmological model by taking into account the coupling between gravity and a scalar with exponential potential. In Refs. [63] [64] [65] [66] [67] [68] [69] , the authors have investigated the cosmological models by assuming dynamical form of dark energy and its interaction with dark matter. Note that the scalar field dark energy models are minimally coupled with gravity and do not allow non-minimal interaction of field to the background matter. Since the exact nature of either dark energy or dark matter is still unknown, one can not exclude the coupling between these dark components of universe. Some important applications of interaction in dark sector of universe are given in Refs. [70-73, 75, 76] . Recently Kumar et al. [77] have studied the interaction scenario of dark sector of universe with Planck-CMB, KiDS and HST data. This analysis straightforward shows that there is strong statistical support from joint Planck-CMB, KiDS and HST data for an interaction between dark energy and dark matter. In Martinelli et al [78] , the authors have tested an interacting scenario between vacuum energy and geodesic cold dark matter by using combined CMB data from Planck [7, 79] , BAO, redshift space distortion and SN Ia data to constrain various parametrizations of coupling parameter. In this paper, we confine ourselves to constraining the coupling between dark matter and dark energy of BI universe.
The paper is organized as follows: Section II deals with the model and basic mathematical formalism. In Section III we derive a general differential equation for interacting DM-DE in the scope of BI space-time and solve it analytically. In subsections III A & III B, we derive analytical solution for constant and varying coupling models respectively. We introduce the computational method which has been used in this paper to fit model parameters to data by a numerical MCMC analysis in IV. Section V deals with the results of our fits to data. Finally, in section VI, we summarize our findings.
II. THEORETICAL MODEL AND BASIC EQUATIONS
The Bianchi type I space time is read as
where {A(t), B(t) & C(t)} are scale factors along x, y and z axis respectively. Thus the average scale factor is given by a = (ABC) 1 3 . The Einstein's field equation is
Here, T are the energy momentum tensor of the dark matter and dark energy respectively. It is read as
For metric (1), the field equation (2) yields the following sets of differential equations
The Bianchi identity G ;j ij = 0 leads T ;j ij = 0, therefore the equation of continuity for metric (1) in connection with equation (2) is read aṡ
Solving equations (3) -(5), we obtain the following relation among the directional scale factors
where d 1 , d 2 , d 3 , x 1 , x 2 , x 3 are arbitrary constants of integration. Without loss of generality, we assume that
Thus after some algebra, equations (8)-(10) lead the following relation among directional scale factor:
is defined as the anisotropic term. In this way, average scale factor a is obtained as a = (ABC)
Now, the Hubble's parameter is given by
Finally Friedmann equation (6) for the anisotropic Bianchi I universe can be recast as follows:
where the third term on RHS relates the an-isotropy of space time.
We assume the interacting scenario between dark matter and dark energy. Therefore, we can split equation (7) as followingρ
where Γ is the interaction term and in connection with scalar field dark energy models it is defined as Γ = Qφ with Q as constant that characterizes the strength of the coupling [80, 81] . In this paper, our approach is different from the scalar field dark energy models in the context that origin of dark energy does not associated with scalar field [76] . For this purpose, we define δ = Γ H with δ > 0 and it implies a transfer of energy from dark matter to dark energy and vice-versa. Here we note that there are different coupling function Q proposed in literature such as Q ∝ Hρ m and Q ∝ Hρ X or their combinations. The reason why we have chosen Q ∝ Hρ X is because with this option the instability in the perturbations at early times could be avoided [82, 83] .
III. GENERAL SOLUTION
In this section we obtain a general solution for interacting DM-DE in the scope of BI space-time. The first integral of Equation (15) leads to
Following Dalal et al [84] , we assume that the dark energy and dark matter has coupled with following relation
This equation gives
where
. Note that the continuity equation for anisotropy could be written asρ σ + 6Hρ σ = 0 (19) which in turn gives
It is clear that the total energy density satisfies the following differential equation
After some algebra we obtain
Finally the solution of above equation gives
where C is an integration constant and HG stands for hyper-geometric function. One can use eq 23 in eq 18 & 13 to obtain Hubble function which could be used in statistical analysis. However, in this case, the estimation of model parameters will be very massive. Therefore in what follows we study two special cases namely (1) the case in which the coupling is a constant i.e δ = constant and (2) the case in which δ is a function of time(redshift) and ratio of the DE-DM densities is ρ m /ρ X ∝ a −η .
A. Constant coupling model
For constant δ the first integral of equation (15) is read as
where ω (X) = p (X) ρ (X) = constant is EOS parameter of dark energy component and ρ 0 is the constant of integration. Equation (14) and (24) leads the following
Thus, from Friedmann equation (13), we obtain,
where Ω (σ) 0 denotes the present value of energy density due to anisotropy of universe.
B. Variable coupling model
In this case, using the first integral of eq (15) 
in eq (14) and after integrating we obtain
where we have also used definition of eq (17) . Note that from eqs (27) & (28), for constant ω X and in absence of coupling δ, the energy densities of dark energy and dark matter scale as ρ X ∝ a −3(1+ω X ) & ρ m ∝ a −3 respectively. It is easy to conclude that ρ X /ρ m = a −3ω X is corresponding to η = −3ω X in 17. Therefore, it is clear that for an interacting scenario the condition η = −3ω X should be satisfied. Since Γ = Hδ, from eq (17), we obtain
where, from 17 ,
Finally, from eqs (29) & (30) we obtain the coupling δ(z) as
. Now, we assume that the dark energy and anisotropy have coupled with following relation
Substituting eqs (14), (15) , (17), (19) and (32), the total energy density,
Hence, the expression for Hubble parameter for variable coupling model is obtained as
It is worth noting that since, without interaction, the energy densities of dark energy and anisotropy scale as
respectively, one can conclude γ = 3(1 − ω X ). Also, since eq (34) dose not have analytical solution, we use numerical solution when running our mcmc code. To study the coupling affects on the evolution of some important cosmological quantities such as Hubble constant, H 0 (and deal with the tension problem of this parameter) and the dark energy equation of state parameter, ω X , in the next section, we place observational constraints on the strength of the coupling.
IV. DATA AND METHOD
In this section, we shall briefly introduce the observational data and the statistical methodology to constrain the two interacting scenarios discussed in previous section(we refer reader to Ref [85] for details of how to write likelihood for OHD, BAO, CMB data and to Ref [86] for SNIa data). • Cosmic Microwave Background (CMB): While in must researches the CMB distance priors have been widely used to obtain cosmological constraints, it has recently been shown that for extended models these are not a good approximation for the full CMB likelihood [94] . Therefor, in this paper, we consider the latest high(and low)-l temperature and polarization cosmic microwave background measurements from Planck [95] [96] [97] . This data are very powerful to analyze the cosmological models with spatial anisotropy. We refer to this data as Planck 2018.
• Hubble Space Telescope (HST): We also use the recent estimation of the Hubble constant, H 0 = 74.02 ± 1.42 at 68% confident level (CL) obtained from Hubble Space Telescope [98] . In this paper we refer to this data as R19. It is worth mentioning that this new estimation of H 0 is in tension with Planck's estimation within the minimal ΛCDM model at 4.4σ.
Concerning the statistical analyses, we use Pymc3 python package to generate MCMC chains using Metropolis-Hasting algorithm. The parameter space for the first case (constant coupling) is
and for the second case (variable coupling) is
Note that in both cases the anisotropy density, Ω σ , is a derived parameter. To stabilize our estimations, we run 4 parallel chains with 10000 iterations for each parameter. Moreover, we perform both well-known Gelman-Rubin and Geweke tests to confirm the convergence of the generated MCMC chains. For this purpose, we also monitor the trace plots for good mixing of the posterior distributions. We use python package GetDist [99] for analysing MCMC chains. Moreover, we perform covariance matrix (which could be obtained from our MCMC runs) in order to check the degeneracy direction between computed parameters. Theoretically, covariance matrix of the parameter space {θ}could be defined as bellow
where σ(θ α ) and σ(θ β ) give the uncertainties in parameters θ α and θ β at 1σ error respectively, and ρ αβ is the correlation coefficient between θ α and θ β . Note that ρ varies from 0 (independent) to 1 (completely correlated). Finally, we consider the following uniform priors imposed on the model parameters in our statistical analyses. Moreover, we also impose normal prior H 0 = 74.02±1.42 obtained from Hubble Space Telescope [98] .
V. RESULTS
In this section, we use observational data presented in the previous section to study the viability of both theoretical interacting models. Specially we focus on the study (constraints) of three important parameters namely coupling, DE equation of state, and Hubble constant parameters. Ws also deal with the problem of Hubble constant tension in our study.
A. Constant Coupling Model
In Table. II for different data set and their joint combination at 1σ error. Let us first discuss the observational constraints on the dark coupling parameter δ and see how different data sets bound this DM-DE coupling. From Table. II it is observe that using OHD data alone results in very high value of coupling constant i.e δ = 0.941 +0.059 −0.012 . It could be seen from this table that adding CMB (Planck2018) or BAO to OHD data significantly decreases coupling parameter δ. Also our computations show that inclusion of BAO data to the OHD+Planck2018 data dose not affect considerably the estimated value of coupling constant. When we include Gaussian prior on the Hubble constant (R19) [98] in to our mcmc computation code, the joint combination of OHD+BAO+Planck2018 data estimation gives δ = 0.0368 +0.0072 −0.040 . Finally, from analysis of OHD+BAO+SNIa+Planck2018(+R19) we find δ = 0.046 ± 0.043(0.023 +0.017 −0.024 ) which also do not lead to any evidence for δ = 0 and hence any possible interaction between dark components.
It is worth to mention that, it has already argued by Guo et al [76] that while including data in a high-redshift region (z 1) rule out models with high couplings, BAO data do not provide stringent constraints on δ. Nevertheless, our estimations show that BAO data also put tight constraints on coupling constant. The reason why in Guo et al [76] work BAO data do not provide stringent constraints on coupling δ may be because they used old BAO data with an optimization method rather than mcmc one. Figure. 1a, 1a & 1c shows the 1σ − 3σ contour plot of (H 0 − δ), (H 0 − ω X ) and (δ − ω X ) pairs for different data sets respectively. It should be noticed that positive mean values of δ, indicating the energy/momentum transfer from the dark energy to dark matter. It has recently been argued by some authors (for example see [53] [54] [55] [56] [57] [58] [59] 77] ) that a possible interaction between dark sectors can solve the current observational Hubble tension present in the ΛCDM model. In fact, these researches show that there is a positive correlation between H 0 and δ which means that higher values of Hubble constant require higher values of coupling as well. The results of these studies are also shown that there is a negative correlation between H 0 and DM density Ω m . For instance, in Ref [77] [98] . The constraints on the Hubble constant for all combination of data sets considered in this work are shown in Figure. 
As it
H0 H0 H0 could be seen from Table. II and Figures. 1a & 1b , there is no significant link between H 0 and δ, but, definitely there is a significant relation between H 0 and ω X . Figure. 3 depicts the correlation matrix for combination of different data sets. From Figure. 1c & 3 and also Table. II it is clear to see that a higher value of H 0 requires a lower value of EOS parameter ω X . In fact any DE model could be characterized by it's EOS parameter.
Considering ω X = −1 as cosmological constant model (sometimes refer to this as phantom divided line-PDL), any model with − 1 3 > ω X > −1 refers to quintessence [100, 101] and models with ω X < −1 are called phantom dark energy models [102] . It is important to note that as shown by Carroll et al [103] phantom fields are generally plagued by ultraviolet quantum instabilities.There are also DE scenario with EOS parameter varying between quintessence and phantom regions dubbed Quintom [104] . Our estimations show that for OHD alone, we have −1.66 < ω X < −1.26 which means that DE completely vary in phantom region. For OHD+BAO+SNIa+Planck2018+R19 data, EOS parameter, at 68% CL, vary in interval −1.125 < ω X < −1.03 which is in high agreement with both 9years WMAP [105] and Planck 2018 [95] results. For all other data sets the estimated EOS parameter is ω X ∼ −1 which show that our DE model represent almost cosmological constant scenario. From Figure. 3 it is also obvious that there is a meaningful correlation between Ω m and H 0 , specially for joint combination of all data (with and without R19). However, this correlation is low enough to avoid the discrepancy of matter density mentioned in previous literature such as [55] [56] [57] [58] 77] . For example, as mentioned above, in Kumar et al paper [77] , the estimated values for Hubble and DM density parameters are H 0 = 73.6 +1.6 −1. 6 & Ω m = 0.262 +0.010 −0.012 respectively, which means that a High value of H 0 requires a low value of Ω m .
B. Varying Coupling Model
The statistical analysis (observational constraints) on the varying coupling model for different data set and their joint combination, at 698% CL, have been listed in Table. III. Again, lets first study coupling δ 0 . To this aim, we compare results of Table. III with those of Ta- Table. II, indicate that except for OHD date there is no significant evidence for DM-DE interaction, as could be seen from Table. III , for varying coupling there is considerable value for coupling δ 0 unless when we apply HST (R19) prior [98] . For OHD alone, we obtain δ 0 = −0.23 +0.69 −0.23 which means that there is an energy flow from DE to DM. However, when we combine other data to OHD, coupling is positive i.e there is energy transfer from DM to DE. Our estimations show that for OHD+BAO+SNIa+Planck2018(+R19) the coupling is δ 0 = 0.056 ± 0.045(0.013 +0.040 −0.055 ) which in similarity to the constant coupling model, do not lead to any evidence for δ 0 = 0. In this case we observe that except when we use prior H 0 = 74.02 ± 1.42 obtained from Hubble Space Telescope [98] , all datasets do not provide strin-gent constraints on coupling δ 0 . This result is in agreement with what argued in Ref [76] for BAO data. We have shown 1σ − 3σ contour plot of (H 0 − δ), (H 0 − ω X ), (δ − ω X ) and (δ − γ) pairs for different datasets in Figures [95] (Ω m = 0.3103±0.0057, Ω Λ = 0.6897±0.0057). From Figure. 6 , it is obvious that there is a notable negative correlation between H 0 and Ω m when we use join dataset plus R19 to put constraint on our model. As we mentioned before in III B, in case when there is no interaction between DM and DE, γ = 3(1 − ω X ) which in turn for cosmological constant scenario, ω X = −1, gives γ = 6. From Table. III we can see that our estimations for OHD+CMB+BAO+SNIa+R19 gives γ = 5.97 +0.12 −0.14 which is in the same line with ω X = −0.990 +0.047 −0.040 & δ 0 = 0.013 +0.040 −0.055 for varying coupling model.
VI. CONCLUDING REMARKS
In this paper, we have used OHD, CMB, BAO, SNIa data and a Gaussian prior on the Hubble parameter H 0 to place observational constraints on the coupling between dark energy and dark matter in the scope of anisotropic Bianchi type I universe. We have considered two dark energy scenarios (i) constant coupling and (ii) varying coupling models. The fit of both models to the joint combination of all datasets plus gaussian prior for Hubble constant show that ω X ≈ −1 & δ(δ 0 ) ≈ 0 which indicate that recent cosmological observations favor uncoupled ΛCDM model. Also we estimated H 0 = 73.9 +1.5 −0.95 for constant and 69.73 ± 0.67 for varying coupling models. Comparing these results with what reported by Riess et al (HST) [98] and ones measured from the large scale structure (LSS) experiments [109, 110] show that in constant coupling model there is no any significant tension for the present Hubble constant H 0 . This result is important since most of the recent researches, for instance see [77] , show that to alleviates the tension on the H 0 there should be a coupling (positive or negative) between the dark sector ingredients. However, our statistical analysis show that in varying coupling model the Hubble tensions remains unsolved. 
